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Abstract
The Ashtekar-Renteln Ansatz gives the self-dual solutions to the
Einstein equation. A direct generalization of the Ashtekar-Renteln
Ansatz to N=1 supergravity is given both in the canonical and in the
covariant formulation and a geometrical property of the solutions is
pointed out. 1
1 Introduction
The Ashtekar-Renteln Ansatz is a simple solution to all the constraints of
gravitation in the Hamiltonian formulation using Ashtekar’s variables for the
case of non-vanishing cosmological constant [1]. This Ansatz gives the solu-
tions of the Einstein equation corresponding to a vanishing Weyl tensor. The
Hamiltonian formulation of gravity using Ashtekar’s variables uses the follow-
ing constraint system: The Hamilton constraint that ”pushes” the spacelike
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hypersurface forward in time:
H = i
2
f
ij
k E
a
i E
b
jF
k
ab +
λ
6
f ijkǫabcE
a
i E
b
jE
c
k ≈ 0 (1)
where F iab is the field strength of the configuration space variable A
i
a; E
a
i is
the canonically conjugated momentum and λ is the cosmological constant.
a,b,c... are the space indices; i,j,k... are the internal indices. The vector
constraints that generate the spacelike diffeomorphisms look like:
Ha = EbiF iab ≈ 0 (2)
Finally the constraints called Gauss’ law are:
Gi = DaEai ≈ 0 (3)
The Ashtekar-Renteln Ansatz gives a simple relation between the ‘electric’
field Eai and the ‘magnetic’ field B
a
i obtained from the field strength F
i
ab; a
relation that solves all the constraints:
Eai = −
3i
λ
Bai (4)
As we see it is crucial to have a non-vanishing cosmological constant. The
field configuration obtained by using the Ashtekar-Renteln Ansatz has self-
dual field strength and it contains some geometrical information as it will
become clear later.
There is a relation equivalent to the Ashtekar-Renteln Ansatz related to
the CDJ-action [10]. This pure connection action is built up from tensors of
the form:
Ωij = ǫ
αβγδFαβiFγδj (5)
α, β... being space-time indices. The Ashtekar-Renteln Ansatz is equivalent
to demanding that:
Ωij ∝ δij (6)
The equivalence can be seen from the definition of the conjugated momenta
for Aia.
The goal of the present paper is to generalize these results to N = 1
supergravity which was formulated in terms of Ashtekar’s variables in [2].
For some more results see also [3],[5] and [6].The structure of this paper is
2
the following: in Section 2 after introducing the notation a generalization of
the Ashtekar-Renteln Ansatz is given. Then a generalization of the Ω matrix
is obtained together with some conditions (generalizations of eq.(6)), which
when applied to the generalized Ω, lead to the generalized Ashtekar-Renteln
Ansatz. This Ansatz will be called the super-Ashtekar-Renteln Ansatz. Af-
terwards a geometrical interpretation of these results is briefly described, and
it is shown that the field strength obtained by the super-Ashtekar-Renteln
Ansatz (or equivalently by applying the conditions generalized from eq.(6)
on the generalized Ω) is self-dual and for non-degenerate metric it forms a
basis for all self-dual two-forms on the manifold. In Section 3 the covariant
form of the generalized Ansatz is given together with the covariant form of
the above mentioned conditions. Section 4 contains some general comments
about the self-duality of the solutions and a wave function of the Chern-
Simons type discussed in [4],[5] and [6]. The similarity between the super
and the non-super case is stressed all along the paper.
2 The phase space form of the
“super-Ashtekar-Renteln Ansatz”
The phase space action of supergravity is:
S =
∫
A˙iaE
a
i − Ψ˙aAΠaA − ΛiGi −NH−NaHa − νAS†A − µASA (7)
where the basic variables are the “old” Aia and E
a
i and the Grassmann odd
vectorspinor ΨaA with its conjugate momenta Π
aA. One can of course also
begin with a Hilbert-Palatini type Lagrangian using the variables ψaA and
their complex conjugate ψ¯aA′ . One can then arrive at the momenta Π
aA as
in [2]. The point is that one can compute ψ¯aA′ knowing Π
aA and νA.
The conventions used for the Pauli matrices are the following:
[σi, σj ]− =
√
2fijkσ
k (8)
[σi, σj ]
A
+ B = ǫ
A
Bδij (9)
In the case when the spinor indices are not explicitly written the following
convention is used:
ΨaσiΠ
a ≡ ΨaAσ Ai BΠaB
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The constraints are these:
-Gauss’ law:
Gi = DaEai +
i√
2
ΨaσiΠ
a ≈ 0 (10)
-Another constraint is the one usually called the left supersymmetry gener-
ator:
S = DaΠ
a − iαEai σiΨa (11)
-The constraint which in some representation is the complex conjugate of SA
is S†A and called the right supersymmetry generator:
S† = fijkE
a
i E
b
jσk[−2
√
2Daψb − iα¯ǫabcΠc] (12)
-The Hamilton and the vector constraints have the same role of generators
of diffeomorphisms as in the non-super case. They look like:
Ha = EbiF iab − 2ΠbD[aψb] − iαψaσiEbiψb ≈ 0 (13)
and
H = i
2
ǫabcf
ijkEai E
b
jB
c
k −
1
2
αα¯f ijkǫabcE
a
i E
b
jE
c
k + i2
√
2ΠbEai σ
iD[aψb]
+ α¯ǫabcΠ
aEbiσ
iΠc − 1
2
αf ijkEai E
b
jψaσkψb ≈ 0 (14)
Two remarks about this set of constraints might be useful. The first one
is that this form of the constraints is equivalent to the form in [2], though
the notation is different. This notation was used in [7]. The second remark
concerns the constants α and its complex conjugate α¯ which give the cos-
mological constant: λ = −αα¯. The first generalization of super gravity to
the case of non-vanishing cosmological constant was given in [8]. It turned
out that the cosmological constant had to be negative. This means that it
can be written as minus the square of a constant, see [2]. Since there is
no evident reason why this constant (α) should be real, it seems reasonable
to use a more general complex constant. The reality condition then implies
that the cosmological constant should have the above mentioned form. The
non-super case can be recovered by setting all the Grassmann odd variables
equal to zero.
4
The algebra between Gauss’ law and the left supersymmetry generator
looks like:
{Gi,Gj} = if kij Gk (15)
{Gi, SA} = − i√
2
σ Ai BS
B (16)
{SA, SB} = −iασ ABi Gi (17)
This is evidently a semisimple graded algebra (GSU(2)). For a treatment
of these algebras see e.g. [9]. Therefore the configuration space is spanned
by a graded-SU(2) connection and it is natural to introduce a notation that
reflects this fact. The “super” configuration space variables can be defined
as:
Aı¯a = (A
i
a, ψ
A
a ) (18)
Eaı¯ = (E
a
i ,Π
a
A) (19)
The barred indices are the supersymmetry indices ı¯ = (i, A). The field
strength for Aı¯
a
is:
Fı¯ab = (F
i
ab, 2D[aψ
A
b] ) (20)
where
F
i
ab = F
i
ab + iαψaσ
iψb (21)
This field strength Fiab becomes the “usual” field strength when the cosmolo-
gical constant vanishes. Using it one can write the constraints in a somewhat
simpler form.
One can now introduce a “super”-covariant derivative and a “super”-
Gauss’ law:
DaE
a
ı¯ = ∂aE
a
ı¯ + Λ
k¯
ı¯¯ A
¯
aE
a
k¯ ≈ 0 (22)
where:
Λ kij = if
k
ij
Λ BiA =
i√
2
σ BiA
ΛiAB = −iασiAB
Λ BAi = −
i√
2
σ BiA
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This constraint is of course Gauss’ law for ı¯ = i, j, k and the left supersym-
metry generator for ı¯ = A,B. Another notation that will be used is:
Baı¯ = (B
a
i , β
a
A) (23)
where:
B
a
i =
1
2
ǫabcFibc (24)
βaA = ǫ
abcD[bψc]A (25)
(Note that F used here is the field strength defined by eq. (21).) The
Hamilton and the vector constraints now take the form:
H = i
2
ǫabcf
ijkEai E
b
j (B
c
k + iαα¯E
c
k) + ǫabcE
a
i Π
bσi(i
√
2βc − α¯Πc) ≈ 0 (26)
Ha = EbiFiab − 2ΠbD[aψb] ≈ 0 (27)
In order to solve the constraints one would like to find the “super-electric”
field as a function of the “super-magnetic” field. One can start by trying to
find the solutions of the following form:
Eaı¯ =M
ı¯Ba¯ (28)
whereM ı¯ is a 5x5 matrix. Since Bai and β
a
A are independent of each other the
vector constraints impose some conditions on the matrix M . Namely that
the 3x3 submatrix M ij is symmetric, the 2x2 submatrix is antisymmetric
and the “mixed” 2x3 and 3x2 parts are just the transposed of each other.
Writing now equation (28) in the original notation:
Eai =M (ij)Baj +M
iAβaA (29)
ΠaA = MAiBai +
1
2
ǫABM DD β
a
B (30)
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A simple Ansatz one can make for this matrix is that the first 3x3 sub-
matrix is diagonal and the “mixed” part vanishes. One obtains then:
Eai =
i
αα¯
B
a
i (31)
ΠaA =
i
√
2
α¯
ǫabcD[bψ
A
c] (32)
B is defined here as in eq.(24). This is our generalization of the Ashtekar-
Renteln Ansatz and it will be referred to as the “super-Ashtekar-Renteln”
Ansatz. This Ansatz solves trivially all the constraints as it can be seen us-
ing eq.(20). One can express the time-space components of the field strength
from the equations of motion by varying the phase space action by the ‘elec-
tric’ field:
F0aı¯ = N{Aaı¯,H}+N b{Aaı¯,Hb}+ {Aaı¯, νAS†A} (33)
This could be done in the non-super case as well. There one could insert
the result obtained from the equation of motion for F0ai in the matrix Ω
defined in equation (5). If one inserts here the form of the ‘electric’ field
from the Ashtekar-Renteln Ansatz one obtains equation (6). Or vice-versa:
demanding that Ωij ∝ δij one can obtain a relation between E and the field
strength. This relation was exactly the Ashtekar-Renteln Ansatz.
A similar structure can be found in supergravity too. One can define a
matrix Ω as:
Ωı¯¯ = ǫ
αβγδFαβı¯Fαβ¯ (34)
Inserting the super-Ashtekar-Renteln Ansatz here one can compute N :
N =
αα¯
24 | B |Ωii (35)
Na can be computed from another matrix. Define W as:
Wı¯¯ = F0aı¯B
a
¯ (36)
Ω is in fact 8 times the symmetric part of W. Na from here:
Na =
1
2
W[ij]ǫ
abc(B−1)ic(B
−1)jb (37)
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To complete the solution one has to find νA. This is most easily done
from the “mixed” part of Ω (ΩiA) by changing its tangent space index i
into spinor indices. One can always find a two-spinor corresponding to a
space-time vector:
vAA′ = vIσ
I
AA′ (38)
and the Lorentz symmetry of the space-time vector space transforms into
the SL(2,C) symmetry of the spinor space. In our case however one only has
space indices and the rotation symmetry SO(3). This means we only need
SU(2) spinors and the two-spinor corresponding to a space vector is:
vAB = viσ
i
AB (39)
where the σi-s are the Pauli matrices. In exactly the same way one can
define:
ΩDEA = ΩiAσ
i
DE (40)
This ΩDEA can be decomposed in irreducible parts. Since it is symmetric in
the last two indices the decomposition looks like:
ΩDEA = Ω(DEA) +
1
2
ΩD[EA] +
1
2
ΩE[DA] (41)
The totally symmetric part vanishes when using the super-Ashtekar-Renteln
Ansatz and the decomposition becomes:
ΩDEA =
1
3
ǫADΩ
B
EB +
1
3
ǫAEΩ
B
DB (42)
and one obtains:
νA =
iα2α¯
4 | B |Ω
B
AB (43)
So the super-Ashtekar-Renteln Ansatz gives us a set of solutions and some
constraints on the W matrix: its symmetric tracefree part vanishes as well
as the totally symmetric part of the Ω = Ωiσ
i tensor.
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Similarly to the non-super case one could start in searching for a solution
by demanding that:
Ωˆij = 0, (44)
where Ωˆ is the traceless part of Ω
ΩAB ∝ ǫAB (45)
Ωi(Aσ
i
BC) = 0 (46)
and solving the equations of motion one obtains for the electric field and the
spinor momentum the same form as given by the super-Ashtekar-Renteln
Ansatz given above. These three relations can then be understood as a
covariant formulation of the super-Ashtekar-Renteln Ansatz.
There is a geometrical interpretation of these results related to the in-
terpretation of the results of the Ashtekar-Renteln Ansatz in the non-super
case [16]. There exists a one to one correspondence between the way the
duality operator acts on two-forms and the conformal structure on a four
dimensional space. Knowing the metric up to a conformal factor is enough
to compute how the duality operator acts and vice-versa. This fact is ex-
pressed in four dimensions by Urbantke’s formula [17], [18] which gives the
conformal structure as a function of a basis of the self-dual vector fields. If
the field strength is self-dual and it is non-degenerate it can be used as a
basis to all self-dual fields, that is it gives the metric up to a conformal factor
by Urbantke’s formula:
gµν ∝ fijkǫµαβγǫδνρσF iαβF jγδF kρσ (47)
The field configuration obtained using the Ashtekar-Renteln Ansatz has self-
dual field strength. This can be seen by writing the self-dual part of the
curvature tensor as a sum of its irreducible components and inserting the
solution of the Einstein equation. The field strength is non-degenerate if the
determinant of the “magnetic” field does not vanish, as is the case for generic
solutions. This means we can use equation (47). The conformal factor can
be determined from the action.
One can use similar arguments to understand the nature of solutions in
supergravity. Since it is not clear (at least to the author) how to decompose
the curvature tensor in this case, it seems now easier to go the other way
around and try instead to use Urbantke’s formula and see what kind of a
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result it gives. The main question is: does Urbantke’s formula give a tensor
that has the structure of the metric in the ADM decomposition? The ADM
decomposition expressed in Ashtekar’s variables looks like:
(−g) 12gαβ =
( −N−1 N−1N b
N−1Na NEai E
b
i −N−1NaN b
)
(48)
Inserting the form of F0ai from the equations of motion (33) into Urbantke’s
formula (47) the obtained tensor in general is not of the form eq.(48). The
time-time and the time-space components of the matrix depend explicitly
on the ‘electric’ field. Using the super-Ashtekar-Renteln Ansatz to express
E in terms of the field strength F one can again compute the time-time and
the time-space components and notice that they are of the same form as
in equation (48). This means that Urbantke’s formula gives the conformal
structure for those solutions of the constraints that obey the super-Ashtekar-
Renteln Ansatz. From here one can conclude that the super-Ashtekar-Ren-
teln Ansatz gives a set of self-dual solutions to the constraint system of
N=1 supergravity and when the ‘magnetic’ field is non-degenerate, that is
corresponding to a non-degenerate metric, this set of field strengths is a basis
for all self-dual vector fields.
To summarize: in contrast to the non-super case the field strength F
does not in general correspond to a self-dual solution, but the field strengths
obtained through the super-Ashtekar Ansatz do correspond to self-dual so-
lutions.
3 The covariant form
The Ashtekar-Renteln Ansatz (in the non-super case) can be formulated in
a covariant form too [14], [15]. To derive this form one can start from an
action:
I =
∫ 1
2
ΣAB ∧ FAB − λΣAB ∧ ΣAB −Ψ(ABCD)ΣAB ∧ ΣCD (49)
The fundamental variables are the field-strength two-forms and the two-forms
Σ which are obtained as:
ΣABαβ = e
AA′
[α e
B
β]A′ (50)
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The last term in the action with the totally symmetric Lagrange multiplier
Ψ(ABCD) is to ensure that Σ is of the form of eq. (50). λ is the cosmological
constant. The following Ansatz is the covariant formulation of the Ashtekar-
Renteln Ansatz:
1
2
FABαβ = λΣ
AB
αβ (51)
A very similar construction can be made in the super case and one can
obtain a generalization of eq.(51). This generalization will be the covariant
form of the super-Ashtekar-Renteln Ansatz.
The action one can start with is the one given in [2] and [15]:
I =
∫
[
i
2
ΣAB∧FAB−i
√
2χA∧DψA− 1
2
Ψ(ABCD)Σ
AB∧ΣCD−Ω(ABC)ΣAB∧χC
+
αα¯
2
√
2
ΣAB ∧ ΣAB + α
2
ΣAB ∧ ψA ∧ ψB + α¯
2
χA ∧ χA] (52)
The new variable here is:
χAαβ = e
AB′
[α ψ¯β]B′ (53)
This variable is related to the momenta of the ψαA in the canonical formu-
lation. The term with the totally symmetric Lagrange- multiplier Ω(ABC) is
there to ensure that eq.(53) holds. Details about how Ψ(ABCD) and Ω(ABC)
work can be found in [15]. α and α¯ give the cosmological constant as be-
fore. It is straight forward to show that this action is invariant under the left
super-symmetry transformation (eq.(11)) if one writes the variations in the
following form:
δǫΣ
AB = iχ(AǫB) (54)
δǫψ
A = DǫA (55)
δǫA
AB = iαψ(AǫB) (56)
δǫχ
A =
iα√
2
ΣABǫB (57)
(The space-time indices are suppressed.) One can now obtain the equations
of motion by varying the action with respect to the different variables. If
one varies first with respect to A one obtains the equation corresponding to
the Gauss’ law (eq. (10)). Variation with respect to ψ gives the left super-
symmetry generator (eq. (11)). In one sentence: variation with respect to
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the super configuration-space variable Aı¯a gives us the ”super”-Gauss’ law
(eq. (22)). The variation with respect to Σ gives the following equation:
FαβAB+2iΨ(ABCD)Σ
CD
αβ +2iΩ(ABC)χ
C
αβ−i
√
2αα¯ΣαβAB−iαψ[αAψβ]B = 0 (58)
Varying by χ one obtains:
− i
√
2D[αψβ]A − Ω(ABC)ΣBCαβ + α¯χαβA = 0 (59)
Introducing a new notation in the first equation of motion (eq. (58))
F
AB
αβ = F
AB
αβ − iαψA[αψBβ]
one can notice the following: the Ansatz
F
AB
αβ = i
√
2αα¯ΣαβAB (60)
and
χαβA =
i
√
2
α¯
D[αψβ]A (61)
is equivalent to demanding that:
Ψ(ABCD) = 0 (62)
and
Ω(ABC) = 0 (63)
Equations (60) and (61) are the covariant formulation of the super-Ashtekar-
Renteln Ansatz. In a more elegant way:
F = i
√
2αα¯Σ
and
χ =
i
√
2
α¯
D ∧ ψ
The other two equations (eq. (62) and (63)) are equivalent to equations (44),
(45) and (46). The easiest way to see that this covariant formulation of the
super-Ashtekar-Renteln Ansatz is equivalent to the phase-space formulation
expressed in equations (31) and (32) is to use the gauge where e0a = 0.
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4 Final comments
When quantizing a theory one wants to obtain wave function(s) that sat-
isfy the constraint operators corresponding the classical constraints. In the
connection representation of gravity one needs wave functions depending on
the connection: Ψ[A]. The variables become operators acting on the wave
function: AˆiaΨ[A] = A
i
aΨ[A] and Eˆ
a
i Ψ[A] =
δ
δAia
Ψ[A]. There are two un-
solved problems that one meets here: regularization and factor ordering. For
a discussion about the possible choices of factor ordering and wave functions
corresponding to them see [19]. One can choose the ordering so that the
functional derivatives are at the left and the functions of the connection at
the right. This is called factor ordering I in [19]. There is a relatively simple
wave function that solves the Gauss’ law and the Hamilton constraint in the
non-super case. It is the exponential of the Chern-Simons term divided by
the cosmological constant. This means that here too it is crucial to have a
non-vanishing cosmological constant.
In super gravity we have of course two more fundamental variables that
appear as operators in the quantum theory: ψˆaAΨ = ψaAΨ and Πˆ
aAΨ =
δ
δψaA
Ψ. Now a wave function very similar to the one existing in the non-super
theory solves quite trivially the Gauss’ law, the left and right super symmetry
and the Hamilton constraints if the super-Ashtekar-Renteln Ansatz holds
[4],[5], [6]. This is true if the factor ordering is chosen as ”factor ordering 1”
in [19]. The vector constraint is however not eliminated by this wave function.
Since in this ordering the vector constraint operator does not generate space-
like diffeomorphisms this does not affect the diffeomorphism invariance of the
wave function. This wave function has the following explicit form:
S = e−
i
2αα¯
∫
ǫabcTr[Aa∂bAc+
√
2i
3
AaAbAc+iαAaψbψc+
√
2αψa∂bψc] (64)
As we see there are many aspects of supergravity related to the super-
Ashtekar-Renteln Ansatz which are simple generalizations of the non-super
case: the form of the Ansatz is quite similar to the non-super Ansatz both
in the canonical and the covariant formulation; with a proper choice of the
fundamental variables we just have a GSU(2) constraint algebra instead of
SU(2); one can also obtain almost similar conditions put on tensors depend-
ing on the ‘magnetic’ field, conditions that are equivalent to the Ansatz and
one can obtain wave functions that are in principle similar to each other.
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(By similar it is meant that the super case is a super-generalization of the
non-super one.) What is different however is the self-duality of the different
solutions. In pure gravity the field strength was self-dual by construction
while in super-gravity the super-Ashtekar-Renteln Ansatz had to be imposed
in order to obtain self-dual solutions and this was also reflected in the geo-
metrical interpretation of the Ansatzes. The presence of spinor variables in
the super case leads also to a non-vanishing torsion. This can be computed
but its form is quite complicated.
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